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Chapter 15: Multiple Integrals

density 6 = 3 bounded by the y axis and the lines y = 2x and
y = 4 in the xy-plane.

Mass and polar inertia of a counterweight The counterweight
of a flywheel of constant density 1 has the form of the smaller
segment cut from a circle of radius a by a chord at a distance b
from the center (b < a). Find the mass of the counterweight and
its polar moment of inertia about the center of the wheel.

Centroid of a boomerang Find the centroid of the boomerang-
shaped region between the parabolas y?> = —4(x — 1) and
y* = —2(x — 2) in the xy-plane.

Theory and Examples
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" Evaluate

a pb
/ / emax B2, a¥y?) dy dx,
0J0

where a and b are positive numbers and

2,2 = 2,,2
max (P52, a?y?) = {b © P = ay

ay? ifbAE < iy’

Show that

PF(x, y)
// dx dy dx dy

overtherectangle xg =S x < x;, ) <y < y, is
Fxy, y1) — Flxg, y) — FCx, y0) + FGo, Yo)-

Suppose that f(x, y) can be written as a product f(x, y) = F(x)G(y)
of a function of x and a function of y. Then the integral of f over
the rectangle R:a =< x =< b,c <y < d can be evaluated as a
product as well, by the formula

b d
/'f(x, ydA = </ F(x) dx>(/ G) dy).
R a c
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The argument is that

22,

/ fy) da = / ( / ROGO) ) dy 0
/ (G(y) / FG dx) dy (i)
/ ( / ) )G dy
d
= ( / F(x) dl) / G(y) dy. @iv)

a. Give reasons for steps (i) through (iv).

(i)

When it applies, Equation (1) can be a time-saver. Use it to eval-
nate the following integrals.

In2 pm/2 2 ol
b. / / e*cosydydx c. / dx dy
0o Jo a

Let D,f denote the derivative of f(x,y) = (x* + y2) /2 in the

direction of the unit vector u = ;i + 1,j.

a. Finding average value Find the average value of D,
over the triangular region cut from the first quadrant by the
linex +y=1.

b. Average value and centroid Show in general that the
average value of D, f over a region in the xy-plane g the
value of D, f at the centroid of the region.

23. The value of I'(1/2) The gamma function,
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I'x) = / e dy,
0

extends the factorial function from the nonnegative integers to
other real values. Of particular interest in the theory of differen-
tial equations is the number

1
F(é‘) ::V/O 1(1/2) 1 etdr = / __dt (2)

a. If you have not yet done Exercise 41 in Sectlon 154, do it
now to show that

o0
I=/ e‘yldy = —\/—T_T-
0

2

b. Substitute y = V7 in Equation (2) to'show that
I(1/2) = 21 = V.

Total electrical charge over circular plate The electrical
charge distribution on a circular plate of radius R meters is
o(r, 8) = kr(1 — sin 0) coulomb/m? (k a constant). Integrate &
over the plate to find the total charge Q.

A parabolic rain gauge A bowl is in the shape of the graph of
z=x2 + y* from z = 0 to z = 30 cm. You plan to calibrate the
bowl to make it into a rain gauge. What height in the bowl would
correspond to 3 cm of rain? 9 cm of rain?

Water in a satellite dish A parabolic satellite dish is 2 m wide
and 1/2 m deep. Its axis of symmetry is tilted 30 degrees from the
vertical.

a. Set up, but do not evaluate, a triple integral in rectangular coor-
dinates that gives the amount of water the satellite dish will
hold. (Hint: Put your coordinate system so that the satellite dish
is in “standard position” and the plane of the water level is
slanted.) (Caution: The limits of integration are not “nice.”)

b. What would be the smallest tilt of the satellite dish so that it
holds no water?

An infinite half-cylinder Let D be the interior of the infinite
right circular half-cylinder of radius 1 with its single-end face
suspended 1 unit above the origin and its axis the ray from (0, 0,
1) to 00, Use cylindrical coordinates to evaluate

/// W02 + 252 gy,

Hypervolume We have learned that / 1 dx is the length of the
interval [a,b] on the number line (one-dimensional space),
ff g 1 dA is the area of region R in the xy-plane (two- -dimensional
space), and ff pldV is the volume of the region D in three-
dimensional space (xyz-space). We could continue: If @ is 2

_region in 4-space (xyzw-space), then ff/f Ql dV is the “hypf’f—

volume” of Q. Use your generalizing abilities and a Cartesian
coordinate system of 4-space to find the hypervolume inside the
unit 4-dimensional sphere x? + y? + z2 + w? = 1.




